Summary. A long series of Southend sea-level observations, extending over a period of 51 years , is analysed using the harmonic method of tidal analysis. The harmonic method of tidal analysis and prediction works on the assumption that the relationship of nodal terms with their respective principal terms in the physical tide is the same as in the equilibrium tide. It is concluded that although this assumption is very useful in accounting for those terms which are not separable from a given length of observations it is not always fully valid. As a result a systematic error is introduced in tidal analysis and prediction.
Introduction
Temporal variations in tidal constituents which can affect predictions were initially investigated by Doodson (1924) . In theM, tide, he observed steady decreases of 15 cm century-' at St John and 9 cm cy-' at Bombay. More recently Cartwright (1972) analysed a long series M. Amin of tidal observations at Brest to examine secular trends in the amplitudes and phases of some principal constituents. The phase lag of the diurnal tide was found to be decreasing by 3"cy-' and 1 per cent decrease in the amplitude of the semi-diurnal tide was also noted. Rossiter (1967) examined the Mean Sea Level (MSL) and found that it is rising at Southend at the rate of 34 cm cy-'. This increase in MSL with respect to the depth of the River Thames is significant enough to change the tidal regime by hydrodynamical effects. This concept led Rossiter (1969) and Bowen (1972) to examine the changes in the tidal regime of the River Thames and the processes responsible. At Southend, Mean High Water (MHW) and Mean Low Water (MLW) levels were shown to be rising at the rate of 36 and 26 cm cy-' respectively. At London Bridge, the rates of increase of Mean High Water Spring (MHWS), MHW and Mean High Water Neap (MHWN) were found to be 75, 68 and 6 5 cmcy-' respectively; while the changes in Mean Low Water Spring (MLWS), MLW and Mean Low Water Neap (MLWN) were negligible. Thompson (1979, p. 47) showed that at Southend MSL has started decreasing since 1963 and his revised estimate is 16 cm cy-'.
The implications associated with these changes are very great because of their importance in determining flood-defence levels. The present investigation is carried out t o re-examine: (a) secular trends in tidal constituents at Southend and how they can affect tidal predictions; (b) the assumption used for nodal corrections in the methods of tidal analysis and prediction. Estimations of secular trends will also be useful to find out how an analysis of the past observations can affect future predictions. The time-scale between the two periods will become an important factor if trends are significant. Amin (1979) showed that both the phase lags and the amplitudes of major constituents are involved in the estimation of the time and magnitude of extreme levels. Therefore, the knowledge of secular trends in phases and amplitudes of individual tides is essential for the study of extreme levels.
There are many scattered historical records of tides but they cannot be used with more recent data because changes in timing systems, such as 'apparent solar time' to 'mean solar time', and in datum reference point have occurred. Nevertheless, some observations and results derived from them can be used after making some adjustments. Initially, astronomers observed the times of high waters and calculated the lags with respect to times of upper or lower transit of the Moon. The mean lag, known as Mean High Water Interval (MHWI), was subsequently used to predict high water times by adding MHWI to the transit time of the Moon. Using this principle, Flamsteed (1683) produced a tide table which can give a reasonable estimate of the phase of the tide at London Bridge. Lubbock & Treas (1835) studied the tidal progression by comparing the times of high waters at the London Docks and the St Katherine Docks which are very close to London Bridge. Redman (1877) processed many observations and results are given in his report on the River Thames. The observations and results recorded in these old papers are used to verify results deduced from more recent observations. The former were converted into metric units with a least count of 1 mm, and a datum was added to reduce all observations to 10 m below Ordnance Datum Newlyn (ODN). Some old seventeenth century predictions for London Bridge (Flamsteed 1683) and observations in 1835 from the St Katherine Docks are used to compute the changes in the phase of tide at London Bridge in order to compare with the changes which are expected in the tide at Southend due to secular trends. Old observations are refered to Trinity standard which is considered as 347.5 cm above ODN. Times in these records are investigated, the St Katherine Docks observations are found to be in 'mean solar time ' and Flamsteed's (1683) predictions are considered to be in 'apparent solar time'.
(b) H A R M O N I C A N A L Y S I S
Southend observations are analysed by the harmonic method of analysis in one-year sets for 112 constituents. Amplitudes and phase lags of principal constituents, shown in Fig. 2 , are studied for secular trends and long-period variations. The data are also analysed in sets of 18.61 yr to resolve terms which are separable from principal terms in a period of up to 18.6 1 yr. Amplitude and phase modulations are ignored in this case because nodal terms of all constituents can be resolved directly. Thus, any error due t o nodal terms is eliminated from the principal constituents and results are listed in Table 1 . Some additional terms emerged from this analysis of a type which cannot be separated from the principal terms on the basis of only one or two years' data. Nevertheless their contribution to the tidal regime is significant. The most important of these are with argument number (000020) near the nodal tide, and with argument numbers (001010) and (001020) which are close to Sa. The origins of these terms are obscure because, despite their size, appropriate primary interacting terms cannot be traced. The nodal tides of S 2 , which do not exist in the equilibrium tide, have a special significance in that their phase lags are such that they would reduce heights of extreme high and low waters. The magnitudes of constituents 3 s 2 M 2 (26 -6000) and 2SK2M2 (26 -4000) which are not used in predictions so far are also worthy of note.
It is clear from Fig. 2, panel (a) , that tidal constituents analysed by a standard analysis of one year are not constant, i.e. they are not independent of the time of observations, but they are a function of time dependent secular and periodic variations. Any further refinement of these constituents requires that the secular trends should be estimated and periodic variations should be resolved. Then it will be easy to obtain future projections of these The results obtained from the analysis of series of amplitudes and phase lags of principal constituents are given in Table 2 . The trends, periodic components and residual part of variations which could not be interpreted by the model are also shown in Fig. 2 .
Discussion of results

(a) S E C U L A R T R E N D S
Constituents M 2 , S 2 and K 2 are increasing by 2.1, 1.2 and 0.6 cm cy-' respectively as shown in Fig. 2 . For given degrees of freedom, f standard error in Table 2 gives a 70 per cent con- fidence interval. The estimated values of secular trends in M , and S, are well above the standard error of the model. The increasing trend in the amplitude of the M4 tide is noteworthy because it conspires with M2 to accelerate the rise in high water levels and opposes M2 to stabilize low water levels. An increasing trend in O1 and a decreasing trend in K1 are also observed but these are close to the standard error and therefore no significance can be attached to them.
A second analysis was performed using amplitudes and phase lags of all constituents from yearly analyses of the 1942-79 period. The results, listed in Table 2 (b), show that a retardation has started in secular trends during the late 1960s. Thompson (1979, p. 47) obtained a similar conclusion for the MSL. Results from the fine resolution of 18.61 yr (Table 1) show that the MSL and principal tidal constituents are almost constant in the last 30 years. It is interesting to note that the MSL, according to the fine resolution, has changed first upward and then downward by only 2 cm in the last 30 years, resulting in no net effect. A large variation in the nodal tide (argument number 000010) may be due to large variation in the MSL in some years which affected its resolution in the harmonic analysis.
Secular trends in phase lags of K1, S2 and K , are increasing whereas the phase lags of 01, M z and M4 are decreasing. The opposite signs in trends of M, and K , show that the phase response of the estuary may become more non-linear with time. However, no statistical significance can be attached to this result because associated errors are large.
(b) P E R I O D I C C O M P O N E N T S
The results shown in Fig. 2 indicate that the harmonic method of analysis and prediction suffer from a systematic error introduced by the assumption that close terms in the spectrum, differing by one cycle during the period of the Moon's perigee or node and separable in 8.85 or 18.61 yr periods, have the same relationship both in the observed and the equilibrium tide. It was noted by Amin (1976) that their relationship in shallow water is different from the equilibrium tide; this research confirms those results. New terms are generated by tide-tide interaction, e.g. term M2,N ' (argument number 200010) is generated by the interaction of M2 (200000) and M2,-" (2000 -lo). Terms S 2 , k N ' (22 ~ 20 10) which are observed on either side of S, (Table 1) may be due to the interaction of M,, Sz and M2,-". These new terms change the balance of the terms which are due to the equilibrium tide. Constituent N , is affected by the term (2 -10 -100) which does not exist in the equilibrium tide and, therefore, is not included in evaluations of nodal modulations of amplitude and phase of N , . Other non-linear terms which can produce such effects are of the type ( M , t M2 -M,). All these terms are due to the bottom friction which affects the progression of tide in shallow regions. In addition, shallow water effects can also generate terms such as KO, and KP, which overlap withM, and S2 respectively. These terms will also change the equilibrium relationship of the principal term with its nodal terms. The error introduced by these nodal terms of M , and S, can, on average, be about 3 cm in spring tides but in extreme cases can be as much as 6 cm depending upon the choice of periods of observation used in analysis and prediction. An example of the potential problems arising from this error was the overestimating of predictions in the mid-1970s. This was due to the fact that these predictions were based on the analysis of one year observations from 1969 November 6 when M , and S, were both at a maximum (see Fig. 2i ,ii). The nodal modulation of the M , tide is 20 per cent less than equilibrium theory predicts because the relationship of the Mz term with its nodal terms is modified by non-linear terms which have the same argument numbers. Examination of historical records For verification of the secular trends of tides, we require old records which are unfortunately not available for Southend. Historically, recording and prediction of tides in the River Thames started at London Bridge and some old records for the London Docks, the St Katherine Docks and Sheerness are also available. A direct comparison between old and new records is not easy because time systems, 'mean solar time' or 'apparent solar time', and datum reference points to measure heights are not fully discussed. Until a few years after the development of the analogue tide gauge (Palmer 1832) , recording procedures were different at different stations. For example, the observations at the London Docks were made by noting the time when water began to fall, and those at the St Katherine Docks were made by noting on a sheet the heights of the water every minute for a short time around expected high water, and height and time are inferred. However, the changes which have occurred in the tide at London Bridge can be estimated by analysing the differences between the old observations (or predictions) and Tides Synthesized by Modern Constituents (TSMC). A comparison of present mean springs and neaps, mean high and low water levels with their past values can also help to verify the results.
(a) T I D A L L E V E L S
The tides of Southend and Sheerness are similar; Sheerness tides lag by 5 min, high water heights are 3 cm lower and low water heights are 2 cm higher. Therefore, tidal statistics of one place can be used to infer the same for the other. Redman (1 877) estimated the MHWS, MLWS, MHWN, MLWN, MHW and MLW levels for many places in the Thames and some of these are included in Table 3 .
It must be mentioned here that recent calculations of the MHWS (MLWS) are based on the selection of the two highest (lowest) tides from each fortnight while old calculations Table 3 . Tidal levels at Southend, Sheerness, the London Docks and London Bridge. (Redman 1877 and Lloyd 1831), are based on the selection of the highest (lowest) fortnightly tide. Thus old values are overestimated. However, old estimates from observations of 1833-43 and 1873-76, which do not cover a nodal cycle, are more or less automatically corrected by the fact that nodal modulation of M z was negative in those years (see Fig. 3 ).
MHW (MLW) levels are compatible because they are based on all high (low) waters. Moreover, it becomes simple to examine the mean range (MHW ~ MLW) because it is independent of datum.
For a proper comparison the mean range at Sheerness can be adjusted to the 18.61-yr mean of Southend by making two corrections. First, add 5 cm to account for the mean range difference between the two places. Secondly, compute the modulation of Mz by its nodal terms for those years and subtract it from the observed range. After making proper adjustments in Sheerness level (see Table 4a ), it can be observed that the mean range at Southend has increased from 429 cm during 1833-43 t o 442 cm during 1956-74. Increases of 3 2 cm in MHWS and 16 cm in MLWS, give a net increase of 16 cm in the mean spring range from 1873 to 1974. This shows that the mean r c 4 e is increasing at the rate of 10 cm cy-' which nearly agrees with Bowen's (1972) estimate. The secular trends in M 2 , M 4 and M6 constituents can only explain an increase of 6 cm in the mean range and 9 cm of the mean spring range when combined with the trend of Sz. This is simply because secular trends are not constant over a long period. This has been confirmed here by demonstrating a greater rate of increase during 1930-41 than in 1942-79.
In his report Redman (1877) pointed out that Lloyd (1831) somehow overestimated the mean range of the tide at Sheerness (Table 3) . However, it is now clear that he was comparing values near the minimum with those near the maximum of a nodal cycle (see Fig. 3 ). After accounting for the changes associated with the nodal cycle (Table 4a ), the differences reduce to 5 and 3 cm which may be due to gaps in observations or surges.
Spatially, differences in the tidal range between the London Docks and London Bridge are insignificant at present and this was the case a century ago (Redman 1877). The mean range at London Bridge has increased by 20 cm during 1833-73 and by 21 cm between 1876 and 1974 (Table 4b) . At the same time the MHWS level is 13 cm higher and the MLWS level is 16 cm lower than a centuiy ago. The estimated change of 29 cni in a century in the mean spring range and 20cm in a century in the mean range are considerably less than estimates computed by Rossiter (1969) and Bowen (1972) . The reason for their overestimated values may be that they used a short span of data and trends were higher in those years. 
(b) H I G H W A T E R T I M E S
Flamsteed's (1683) tide table of high water times at London Bridge for the year 1683, and the observed high water heights and times at the St Katherine Docks and the London Docks for the year 1835 were investigated. Residuals were computed for those periods by subtracting high water times of the TSMC (based on analysis of observations for 1969) from the corresponding values in Flamsteed's tables. The residuals were analysed by the shallow water corrections method, Doodson (1957) and Amin (1977) , and the results are given in Table 5 (a). In this method many constituents combine with each other to form a group, such as C(0,O) and C ( 0 , l ) in Table 5 (a), because the digitizing interval for high or low waters of the semi-diurnal tide is approximately equal to the period of the M 2 tide. The old tables are prepared by adding the MHWl to the upper or lower transit of the Moon and this technique fully accounts for M2, M4, . . . and gives very little weight to other constituents. Therefore, a group constituent represents those member constituents which are not accounted for in predictions and changes which have occurred in those constituents. The annual oscillation is due to constituents Sa, MA2 and MB2, and the semi-annual oscillation is due to continents Ssa, 0 P 2 and MKS2. The individual members of each group are small, similar to those of the Southend tide in Table 1 , and cannot shift the phase of the tide by more than 2 min; therefore they are not sufficient to explain C(0, 1) and C(0, 2). A comparison of expression representing the group constituents C(0,l) and C ( 0 , 2 ) E = 7 . 9 c o s ( h -1")-l l S c o s ( 2 h t13") with a simplified expression (Cartwright 1972) E ' = 7.7 sin(h -pl) -9.9 sin (2h) = 7.7 cos (h -5") -9.9 sin (2h) (for p1 = 275") for conversion of 'apparent solar time' to 'mean solar time' suggest that Flamsteed worked in 'apparent solar time'. Here h is the mean longitude of the Sun and p1 is the longitude of the Sun's perigee which remains almost constant over a period of a century and is taken as 275" for the seventeenth century. The small differences in amplitudes and phases in equation (2) and equation (3) are due to Sa, MA, and MB, which affect the annual oscillation, and Ssa, UP2 and MKS, which affect the semi-annual oscillation. Therefore, the old times were converted to 'mean solar time' by adding E' as in equation (3). The estimated mean and standard deviation of London Bridge residuals for the year 1683 are 33.3 and 15.1 min respectively and distribution of the residuals is shown in Fig. 4(a) . The 95 per cent confidence interval for the mean is given by f. 1.6 min. The large value of standard deviation is due to the fact that many constituents were neglected in old predictions. The mean value depends mainly on the changes which have occurred in the phases ofM2, M4, . . . (see Doodson 1957 and Amin 1977) . The M2 term, being dominant, must be the principal contribution to any change in the mean. Thus it may be concluded that the phase of M2 has advanced by 33.3 rnin during the last three centuries. It must be mentioned here that the standard deviation of the residuals, before correcting for apparent solar time, was 18.3 min. The improvement of 3.2 min in standard deviation is approximately the same as expected from time corrections by equation (3).
Similarly, time differences were computed by subtracting London Bridge TSMC from the corresponding observed high water times at the St Katherine Docks of 1835. The results from the shallow water corrections analysis in Table 5 (b) suggest that no conversion in time is required because they seem to be in 'mean solar time'. Their mean and standard deviation was 22.2 and 12.0 min respectively and the distribution of time differences is shown in Fig. 4(b) . The 95 per cent confidence interval for the mean is given by 41 .O min. The mean difference between the times of the TSMC of London Bridge and observations of the St Katherine Docks could be used to estimate the expected mean differences between the predictions and the old tide (1835) at London Bridge by applying a correction. Lubbock & Treas (1835) observed that the tides reach the St Katherine Docks 5 inin later than at the London Docks. If we assume that the time of tide progression is proportional to distance, then the tide should reach London Bridge 6 min later than at the St Katherine Docks. Adding, we get a mean difference of about 28.2min; therefore tides at London Bridge 
Causes of increase in the tidal harmonics or tidal range
There is no definitive evidence to explain what is causing the secular changes in tides at Southend. They appear to follow the changes in MSL in that the changes are large both in tidal harmonics and the MSL from 1930 to the late 1960s, then a small decrease is observed in the 1970s. A numerical simulation of these conditions (Prandle & Wolf 1978) suggested that an increase of 50 cm in depth could explain the advanced phase of the Southed tide but the range of tide is hardly affected by it. A decrease of 20 per cent in friction could produce the desired change in the range but the resulting change in phase was too high. However, it is difficult to justify a change in friction in the lower reaches of the estuary of this magnitude. It seems probable that the changes both in the MSL and tides may have a common origin which affected the MSL of the whole of the North Sea.
Changes observed at London Bridge and the London Docks could be reproduced by increasing the depth of the estuary and decreasing friction. Rising MSL and dredging have increased the depth. Friction has been reduced both by increased depth and embankment. lncreased tidal input at Southend will also be amplified during its progression up the river. A numerical model (Prandle & Wolf 1978) can sufficiently explain changes in the tide at London Bridge by making adjustments in depth and friction within constraints of physical changes which have taken place in the estuary.
Conclusions
The harmonic method of tidal analysis has a drawback in that a systematic error is introduced in results because it assumes that the relationship among the principal term and its nodal terms in the real tide is the same as in the equilibrium tide. In shallower waters this relationship is changed by the superimposed non-linear terms. At Southend, the error is such that the amplitudes of M2 and Sz are magnified when M2 and its nodal term are out of phase and reduced when they are in phase.
At Southend, the phase lags of 01, Mz and M4 are decreasing and the phase lags of K1 and K z are increasing but these trends are of no significance because standard errors are large. The amplitudes of M,, S2 and K 2 are increasing by 2.1,1.2 and 0.6 cm cy-' respectively. Therefore, the range of the tide and extreme levels will increase. This is confirmed, at least qualitatively, by increases of 13 cm in 140 years in the mean range and 16 cm in 100 years in the mean spring range. It seems probable that the causes of these secular trends at Southend are not different from those which are affecting the MSL of the North Sea (Rossiter 1967) .
At London Bridge, the mean range increased by 20 cm in 40 years from 1833 to 1873 and 21 cm in a century from 1873 to 1974. The increase in the spring range at London Bridge and the London Docks is approximately 29 cm; from 632cm during 1873-76 (Redman 1877) to 661 cm during 1956-74. The phase of tide at London Bridge changed nearly by 5.1 min from 1683 to 1835, then a change of approximately 28.2 min, much larger than that expected at Southend due to secular trends, occurred after 1835. During the progression of the tide from Southend to London Bridge, the secular changes in the tide are not expected to be amplified by a large factor which is out of proportion with the rest of the tide. Therefore, it appears that changes at London Bridge are partly due to increased input at Southend and partly due to local man-made alterations in the estuary, e.g. changing embankment configuration, bank raising and dredging. This argument is also supported by the fact that in 1835 the tides progressed from the London Docks to the St Katherine Docksin 5 min, but now this time is reduced to approximately 1 min.
Redman (1 877) suggested that Lloyd (1 83 1) overestimated the mean range of the tide at Sheerness but it can now be seen that it was not abnormal to get a large range in years 1827-29 when the phase of the Moon's node was in a favourable position to increase the range.
Finally, it is important to note that secular trends are not constant but vary from time to time. Therefore, their extrapolation should be treated with caution, and should preferably be checked against historical observations and results before any conclusions are based on extrapolated values.
